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ABSTRACT. In this paper, we propose a mathematical model on deforestation
due to human population using a system of stochastic difference equations.
Then we include the control variable to the system of difference equations.
First, we analyze the controllability of the proposed model. We can see that
the desired objective can be achieved by manipulating the chosen control
variables. And then we analyze that the model is controllable at the origin.

Key words: Stochastic difference Equations, Controllability, Control

variables, Deforestation.

1. INTRODUCTION

Human ecology has been defined as a type of analysis applied to the relations
in human beings that was traditionally applied to plants and animals in ecology.
Deforestation, is the removal of a forest or stand of trees where the land is
thereafter converted to a non-forest use. Forests cover almost a third of the
earth’s land surface. Forests provides many environmental benefits including its
major role in the hydrologic cycle, soil conservation, prevention of climate change
and preservation of biodiversity.

Trees are highly effective in absorbing water quantities, keeping the amount of
water in watersheds to a manageable level. The forest also serves as cover against
erosion. Forests perform a valuable function by capturing rainwater and releasing
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it to streams and rivers that provide water for cities and agriculture. Forest soils
with a carpet of decomposing leaves absorb rainwater like a sponge, holding the
water for gradual release to streams throughout the year. When watersheds lose
their forest, the soil can lose its capacity to absorb rainwater as it did before.
Rainwater flows quickly off the watershed, causing floods during the rainy season
and a diminished supply of water during the dry season.

In addition, the flow of water from the hills irrigate the farm fields. And the
quality of the water is worse because deforested hills no longer have trees to protect
the ground from heavy rain, so soil erosion is greater, and the irrigation water
contains large quantities of mud that settles in irrigation canals and clogs the
canals. This decline in the quantity and quality of irrigation water reduces food
production even further. The result is poor nutrition and health for people. This
chain of effects involving human population growth, deforestation and lower food
production is a vicious cycle that is difficult to escape. Forests benefits all who
live downstream by reducing erosion and flooding. Floods and erosion will cause
severe constraints on food production throughout the world. Farmers in villages
depend on the sponge-effect of forests to absorb and slowly release water. Many
agricultural exports, are dependent upon forest-generated soils and water[6].

In the last three decades, control theory has gained importance as a discipline
for engineers, mathematicians, scientists, and other researchers. The theory of
controllability and observability has been developed, in response to problems
generated by technological science, especially in areas related to control,
communication, and computers. Controllability is an important property of
a control system, and the controllability property plays a crucial role in many
control problems, such as stabilization of unstable systemsby feedback, or
optimal control. Controllability and observability represent two major concepts
of modern control system theory. These concepts were introduced by R. Kalman
in 1960. We are mainly interested in the problem of whether it is possible to
steer a system from a given initial state to any arbitrary state in a finite time

period[5]. In order to be able to do whatever we want with the given dynamic
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system under control input, the system must be controllable. Similarly, in order
to see what is going on inside the system under observation, the system must be
observable.

In Section 2, we provide the preliminaries on controllability of a discrete system.
In Section 3, we formulate a model on deforestation by human population and its
effect on farm fields using stochastic difference equations and introduce the control
variable to the system. In Section 4, we have analyzed the controllability of the

model and then study the controllability at the origin.
2. PRELIMINARIES AND THEOREMS

Definition 2.1. Controlled system

Consider a controlled system given by

z(n+1) = Az(n) + Bu(n) (1)

Where A is a k X k matrix, B is a k X m matrix called input matrix and u(n)is a
m X lvector also known as control variable.

Definition 2.2. Completely Controllable

The system is said to be completely controllable or simply controllable if for
any ng € Z, any intial state x(ng) = xo, and any given final state x, there exists

a finite N > ng and a control u(n), ng < n < N, such that 2(N) = zy.

Definition 2.3. Controllability Matrix
The controllability matrix of system is defined by k& x kmmatrix given by

W =[B,AB, A’B, ...A* ' B]

The controllability matrix plays a major role in control theory, as may be seen in
the following important basic result.

Definition 2.4. Controllability to the Origin

A system is controllable to the origin if, for any ng € Z+ and xy € R¥, there exists
a finite N > ng and a control u(n), ng < n < N, such that z(N) = 0.

Theorem 2.5. Theorem 1. System is completely controllable if and only if
rank W =k [5].
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3. CONTROLLED SYSTEM FOR DEFORESTATION
Let H(t), B(t)and F(t)denote the human population, density of trees in the
forests, density of crops in the farm fields at time ¢ respectively. We are considering

a three dimensional discrete stochastic process|7].

X(t) = [H(t), B(t), F(t), T(t)]" (2)

TABLE 1. Notation for transitions of the Deforestation due to

human population and its effect on farm fields

S.No Transition Transition Transition
Probability Number

1 H— B pi(t) =0 Bi(t) =0

2 B—+H ay(t) Fi(t)

3 |BoF Bat) By(t)

4 F—B as(t) =0 F(t) =0

5 F—H 71(t) Gi(t)

6 H—F Y2(t) G (1)

7 H—-=T p (1) M (t)

8 T—B po(t) My (t)

9 H — Death dp(t) Dy(t)

10 B — Death dg(t) Dg(t)

11 F — Death dp(t) Dg(t)

12 T — Death dr(t) Dr(t)

13 immigration — H | ug(t) Ry (t)

F(t+1) = F(t) + Ba(t) + Ga(t) — G (1)
T(t+1)=T(t)+ M(t) — M(t)
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We rewrite the above system as follows

H(t+1) = [1 4 pu(t) = 72(t) = dua(t)] H(t) + a1 () B(t) + 0 (1) F(t)
B(t+1) = [1 = on(t) = B2(t) — dp(t)] B(t) + pa(t)T(2) )
Flt+1) = [1 =m(t) = dr(t)]F (1) +72(t) H(t) + 52() B(t)
T(t+1) =[1 = pa(t) = dr()]T () + pa () H ()
Now we formulate a controlled system for the above system .
H(t+1) = [1+ pg(t) —v2(t) — du(t)] H(t) + o1 (t) B(t) + 1 () F(t) 4+ u(t)
Bt +1) =[1—au(t) = fa(t) — dp(t)] B(t) + pa(t)T(2)
F(t+1) = [1 =mn(t) = dr(t)]F () +72(0)H(t) + 52(2) B(1)
T(t+1)=[1=pa(t) = dr()]T() + pa(t) H()
()

Where u(t)is a control of the above system of difference equations.

4. CONTROLLABILITY OF THE SYSTEM

In this section, we analyze the controllability of the system . We can write

the system as follows:

Where z(t) =

u(t) is a1 x 1 vector.

14pu(t)

—72(t)

—du(t)

z(t+1) = Azx(t) + Bu(t) (6)

[H(t), B(t), F(t), T(t)]", A is a 4 x 4 matrix and B is a 4 x 1 matrix.

i (t) m(t) 0
1 —ou(t) —B2(t) —dp(t) 0 He(t) (7)
50 L@ e 0
0 0 1 —pa(t) —dr(t)
. 0
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Theorem 4.1. System @ is completely controllable if and only if rank W = 4.

i.e) the following conditions are satisfied:

aei + i(de +ej) # 0

(af +hf)a+ (cf +h*)f+egi#0 (9)
(ai + ji)a+ cfi +1i5% # 0
Proof. Let us consider the controllability matrix
W = [B,AB, A’B, A*B|
We know that
1
0
B p—
0
- O -
1 +pw(t) —v2(t) —du(t) ai(t) 7 (t) 0 1
AB— 0 1L —ou(t) —B2(t) —dp(t) 0 p2(t) 0
Y2(t) Ba2(t) 1—71(t) —dr(t) 0 0
(1) 0 0 1 —p2(t) —dr(t)| |0
1+ (1) — 2(t) — dia(8) ]
0
- (10)
Ya(t)
| p (1) i
Let us consider that
1+ pm(t) —y2(t) — du(t) ai(t) 71 (t) 0
Ao 0 1—ai(t) — Ba2(t) — dp(t) 0 p2(t)
Y2() B2(t) L—=m(t) —dr(t) 0
pa(t) 0 0 1 — pa(t) — dr(t)
-a b ¢ O-
B 0 d 0 e
f g h 0
2 0 0 j]
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Where

a=1+pu(t) —(t) —du(t)

A’B =

A®B =

[ 2+ bf |
et
af +hf
| at+gi |

aei + i(de + €j)

(ai + ji)a+ cfi+

Therefore we get the controllability matrix

0

?

a a®>+bf

1

0 el aei + i(de + ej)

0 f af+hf (af +hf)a+ (cf +h?)f +egi
0 ai + ji (ai + ji)a + cfi +ij>

The above matrix has rank 4 if and only if

aei + i(de +ej) # 0

a® +abf + (ac + ch) f + bei

(af + hf)a+ (cf +h?)f +egi

a® + abf + (ac + ch) f + bei

f=(t)
9= F(t)
h=1=mn(t) —dp(t)
i = pa(t)

J=1=pa(t) = dr(t)

(11)

(12)

i

(13)

(af + hf)a+ (cf +h?)f +egi #0

(ai + ji)a+ cfi +1ij%> # 0
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Theorem 4.2. The system @ is controllable to the origin if and only if

u(0) = —[azor + bxog + cxo3] and xoy = 0.

Proof. Consider

Zo1

x
x(0) =z = 0

Zo3

T4

We know that, when ¢ = 0, we get

x(1) = Axy + Bu(0)

a b ¢ O Zo1
0 d 0 e T
Ay = — 02
f g h O To3
L 1 0 0 ] 1L o4 ]
Substituting we get
[ axo, + b.Iog + CZo3 | [ U(O) |
dzos + ex 0
2(1) = 02 04 n
fxo1 + gxo2 + haos 0
1To1 + JTo4 | 0 ]

The system ({6) is controllable to the origin if and only if

U(O) = —[axm + b.ﬁ(]gg + Cﬂlog}, dQJOQ + EXpg — 0

fl’()l + gTo2 -+ hxog = 0, il‘m + jxo4 =0

We obtain the above conditions if we consider xgy = 0.
i.e) if zoy = 0, we get zg; = T2 = 23 = 0 for all non zero coefficients.
Then we will have :1: = 0, which implies that the system (@ is controllable to

the origin. 0
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5. CONCLUSION

In this paper, we have constructed a controlled system of difference equations for
a model on deforestation due to human population. Controllability is concerned
with whether one can design control input to steer the state to arbitrarily values.
We have analyzed the controllability conditions for the system using controllability

matrix and we can also see that the system is controllable to the origin if x4 = 0.
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