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ABSTRACT. In this paper, the existence and uniqueness of common and
coincidence fixed points for a pair of self mappings under generalized rational
inequalities are established in complex valued metric spaces with supportive
examples. The presented results improve and generalize the existing results in
the literature.
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1. INTRODUCTION AND PRELIMINARIES

Metric fixed point theory is widely recognized as one of the important traditional
theories in nonlinear analysis that has a wide range of applications that have
been originated in the PhD thesis of Banach [2] in 1922 where he proved the
famous contraction mapping principle. Banach contraction principle assures the
existence and uniqueness of a solution of an operator equation Tx = x, is the
most widely used fixed point theorem in all of analysis. This principal is
constructive in nature and is one of the most useful techniques in the concept of
nonlinear equations. A great number of generalizations of the Banach
contraction mapping principle were studied by many authors in metric spaces
and some other spaces, see [3|4,6-13] and references given therein. These
generalizations were made either by using the contractive condition or by
imposing some additional conditions on an ambient space.
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Dass and Gupta [4] generalized Banach contraction principle under rational
inequality. Later, Pachpatte [6] obtained the common fixed points for the
mappings satisfying rational contractions. In 2011, Azam et al. introduced the
concept of complex valued metric spaces and obtained some fixed point results
for mappings satisfying a rational inequality. In [14], Saluja proved some fixed
point theorems under rational contraction in the context of complex valued
metric spaces. In spite of these results, in this paper, we prove the existence
and uniqueness of common and coincidence fixed points for a pair of self
mappings satisfying a generalized rational contractive condition in complex
valued metric spaces. Examples are given to support the results obtained. The
presented results improve and generalize the well known results in the literature.

We now recall the basic definitions and results that are required in the sequel.

Let C be the set of complex numbers and 2, zo € C. Define a partial order

< on C as follows: z; = zy if and only if Re(z1) < Re(zs),Im(z1) < Im(z). It

follows that z; < 25 if one of the following conditions is satisfied:

(i) Re(z1) = Re(z2), Im(z1) < Im(z);
(ii) Re(z1) < Re(zq),Im(z1) = Im(z);
(iii) Re(z1) < Re(za), Im(z1) < Im(zy);

) Re(z1) = ); Im(21) = I'm(z).

Re(z3), Im(z) = 29)

In particular, we will write 21 3 2 if 21 ¢ 25 and one of (i), (ii), or (iii) is satisfied
and we will write z; < 25 if only (iii) is satisfied. Note that

0=z 3 2= |al <|zl

21522,22-<23:>21‘<2’3.

In 2011, Azam et al. [1] introduced the following definition.

Definition 1.1. Let X be a nonempty set. Suppose that the mapping d : X x X —
C satisfies the following:
(i) 0 2 d(z,y) for all z,y € X with x ¢ y and d(z,y) =0 <= x = y;
(ii) d(x,y) = d(y,x) for all x,y € X;
(ili) d(z,y) 2 d(z,2) +d(z,y) for all z,y,z € X.



Generalized Rational Inequalities in Complex Valued Metric Spaces 120

Then d is called a complex valued metric on X and (X,d) is called a complex

valued metric space.

Example 1.2. Let X = C, where C is the set of complex numbers. Define a
mapping d : X x X — C by d(z1, z2) = eitlzl—zzfy where z1 = (x1,y1), 22 = (T2,92)
and t € [0,7/2]. Then (X,d) is a complex valued metric space.

Definition 1.3. (i) A point © € X is called an interior point of a subset
A C X whenever there exists 0 < r € C such that B(z,r) = {y € X :
d(z,y) <r} C A

(ii) A point x € X is called a limit of A whenever for every 0 < r € C such
that B(z,r) N (A — {X}) ¢ 0.
(iii) The set A is called open whenever each element of A is an interior point

of A. A subset B is called closed whenever each limit point of B belongs to B.

The family F' := {B(z,r) : € X,0 < r} is a sub-basis for a Hausdorff topology

Ton X.

Definition 1.4. Let (X,d) be a complex valued metric space. Let {x,} be a

sequence in X and x € X. Then

(1) {xn} is called convergent, if for every ¢ € C, with 0 < ¢ there ezists ny € C
such that for all n > ng,d(z,,z) < c. Also, {x,} converges to x (written
as, Tn — T or T}Lrgoxn =1z) and x is the limit of {x,}.
(i) {xn} is called a Cauchy sequence in X, if for every ¢ € C, with 0 < ¢ there
exists ng € N such that for all n > ng, d(zp, Tpim) < c.
(iii) If every Cauchy sequence converges in X, then X is called a complete

complex valued metric space.

Lemma 1.5. [1] Let (X,d) be a complex valued metric space and let {x,} be a

sequence in X. Then {z,} converges to x if and only if lim |d(x,,z)| = 0.
n—oo

Lemma 1.6. (1] Let (X,d) be a complex valued metric space and let {x,} be a
sequence in  X. Then {xz,} is a Cauchy sequence if and only if

m}}f_{loo (T, Tym)| = 0.



J.Comp.Matha. Vol.01(02),(2017), 118-129 D.Ramesh Kumar et al. 121

Definition 1.7. Let X be a nonempty set and S, T : X — X be self mappings.
Then

(i) an element x € X is said to be a fized point of T if v = Tx.
(ii) If Sz = Tx, then x € X is called a coincidence point of T and f.
(i) If u = Sz =Tz, then u € X is called a point of coincidence of T and f.
(iv) If x = Sx = Tz then x is called a common fized point of S and T.
(v) The mappings S and T are said to be commuting if S(Tx) = T (Sz) for all
reX.
(vi) The mappings S and T are said to be weakly compatible if they commute

at their coincidence points.

Proposition 1.8. Let f and g be weakly compatible self mappings on a non empty
set X. If f and g have a unique point of coincidence v = fu = gu, then v is the

unique common fized point of f and g.

2. MAIN RESULTS

The following is one of the main results of this section.

Theorem 2.1. Let (X,d) be a complex valued metric space and S,T : X — X be
two self mappings such that T(X) C S(X) and S(X) is a complete subspace of X .

Suppose that

d(Sz, Tx)d(Sy, Ty)
1+d(Sz,Sy)

d(Tz, Ty) =< umax{d(Sx,Sy),

d(Sx, Tz)d(Sy, Ty)
1+ d(Tz, Ty) } (1)

for all x,y € X, x # vy, where p < 1. Then T and S have a unique point of
coincidence in X. In addition, if T and S are weakly compatible then T and f

have a unique common fixed point in X .

Proof. Let xy € X be an arbitrary point. Since T'(X) C S(X), there exists 1 € X
such that Txy = Sx;. Proceeding in this fashion, for =, € X, we get z,,1 € X
such that T'x, = Sx,.1, n=20,1,2,.... Then, using , we obtain
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d(Sxpi1,Sx,) X d(Txp, T, 1)
d(Sp, Twy)d(Stp—1,Txn 1)
1 +d(5$n,5$n_1> ’
d(Sxp, Tx,)d(Szp_1,TTy 1)
1+ d(TilZ’n, T$n_1)

= pmax {d(SSL’m Sry_1),

d(Szp, Stpy1)d(STy_1,STy)
1+d(Szp, Stp_1) ’
d(Sxp, Stpi1)d(STp_1,Sxy)
1+ d(Sxpi1, Syp) }

= umax {d(SQJn, anfl%

Case 1: If the maximum is d(Sx,, Sx,_1), then
d(Szpyi1, Sxy) 2 pd(Swy, St,_1),
where p < 1. Continuing in this way, we obtain
d(STpy1, S1y) = ud(Szp, STp_1) = p2d(Sxp_1, STp_3) < ... = u"d(Sxo, ST1).
For m > n, we have
d(Sxpm, Sty) = d(STpm, Stm_1) + d(STim_1,STm_2) + -+ + d(STpy1, ST4),

< (™t ™R g™ d (ST, ),

n

I

<
= 1-4

d(le, S.ﬁl?o)

Finally, we have
|d(Spm, S| < 16—“
d(Sxy,, Stpi1)d(Sxy_1, Sxy)
1+d(Szy, Stp_1)
that it will bring a contraction to our assumption.
d(Sxp, Stpi)d(Szp_1, STy)
1+ d(an+17 an)

|d(Sxq,Sxg)| — 0 as m,n — 0.

Case 2: If the maximum is , then it is easy to note

Case 3: If the maximum is , then it can be seen that

d(Szpi1, Sxy) 2 pd(Sxy,, Sty_1) — 1,
j Mzd(sxn—la an—Q) A ]-7
=< ... =2 ptd(Swy, Sze) — (T4 p+p 4.+ p™ ).

Since pu < 1, for m > n we have |d(Sx,,, Sx,)| — 0 as m,n — co.



J.Comp.Matha. Vol.01(02),(2017), 118-129 D.Ramesh Kumar et al. 123

Thus, from all three cases, it can be shown that {Sz,} is a Cauchy sequence
in S(X). Because of the completeness of S(X), Sz, — v and there exists u € X

such that Su = v. Further, we have
d(Szp, Tu) = d(Txp—1,Tu)

d(Szp—1,Txp—1)d(Su, Tu)
1+ d(an,h Su) ’

=< pmax {d(anl, Su),

d(Sxy_1, Txy_1)d(Su, Tu)
1+ d(Tx,_1,Tu) }
STp_1,Sx,)d(Su, Tu)
1+d(Sxp_1,Su)

= /1 max {d(anl, Su), il

d(Sxp_1, Sx,)d(Su, Tu)
1+d(Szp, Tu)

Now, letting n — oo, we obtain

|d(v, Tu)| <0,

which implies that Tu = v = Su, that is, v is a point of coincidence of T" and S.
Now we claim that v is a unique point of coincidence of T" and S. Suppose there

exists another point of coincidence v of T" and S, that is, Tu' = v’ = Su’. Then,

from , we have

d(Su,Su') = d(Tu,Tu')

d(Su, Tu)d(Su', Tu')
1+ d(Su,Suw')

=< pmax {d(Su, Su'),

d(Su, Tu)d(Su', Tu)
1+ d(Tu, Tu')
which gives
|d(Su, Su')| < ald(Su, Su')|.
Thus, Su = Su' which shows that v is a unique point of coincidence of 1" and S.

Now, by Proposition [1.8] 7" and f have a unique common fixed point in X. 0

Remarks 2.2.
(i) Theorem generalizes and improves Theorem 4 of Azam et al. (1, Theorem
3.1 of Saluja [14)].
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(ii) Moreover, Theorem [2.1] guarantees the ezistence and uniqueness of coincidence

point of S and T.

We obtain the following result by taking S = Ix (the identity mapping) in
Theorem 2.11

Corollary 2.3. Let (X, d) be a complete complex valued metric space and T : X —
X be a self mapping such that

d(z, Tz)d(y, Ty)
1+d(x,y)

d(Tl’, Ty) j M max {d(xa y)a

d(z, Tx)d(y, Ty) }
1+d(Tx,Ty)

forall x,y € X, v # vy, where p < 1. Then T has a unique fized point in X.

Theorem 2.4. Let (X,d) be a complex valued metric space and S,T : X — X be
two self mappings such that T(X) C S(X) and S(X) is a complete subspace of X .
Suppose that
d(Sz, Tx)d(Sy, Ty)

1+ d(Sz, Sy)

d(Sz, Tz)d(Sy, Ty) (3)
1+d(Tx,Ty)

d(Tz,Ty) = ad(Sz,Sy)+b

forallz,y € X, x # y, where a,b, c are non negative constants such that a+b+c <
1. Then T and S have a unique point of coincidence in X. In addition, if T and

S are weakly compatible then T and S have a unique common fixed point in X .

Corollary 2.5. Let (X, d) be a complete complex valued metric space and T : X —
X be a self mapping such that

d(z, Tz)d(y, Ty)
1+ d(z,y)
d(z, Tx)d(y, Ty)
1+ d(Tz, Ty) )

d(Tz,Ty) = ad(z,y)+b

forallx,y € X, x # vy, where a, b, c are non negative constants such that a+b+c <

1. Then T has a unique fized point in X.
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Corollary 2.6. Let (X,d) be a complex valued metric space and S,T : X — X be
two self mappings such that T(X) C S(X) and S(X) is a complete subspace of X .

Suppose that
d(Tz,Ty) = ad(Sx, Sy)

forall x,y € X, x # y, where a is a non negative constant such that a < 1. Then
T and S have a unique point of coincidence in X. Moreover, if T and S are weakly

compatible then T and S have a unique common fixed point in X.

Putting S = Ix (the identity mapping) in the previous corollary, we get the
following Banach Contraction Principle [2] in the framework of complex metric

spaces.

Corollary 2.7. Let (X, d) be a complete complex valued metric space and T : X —
X be a self mappings such that

d(Tx,Ty) = ad(z,y)
forallz,y € X, x #vy, where 0 < a < 1. Then T has a unique fized point in X.

Theorem 2.8. Let (X, d) be a complex valued metric space and S,T : X — X be
two self mappings such that T"(X) C S™(X) and S™(X) is a complete subspace of
X. Suppose that the following holds for some fized n € N
d(S™z, T"x)d(S™y, T™y)
1+ d(Srx, Smy)
d(S"x, T"x)d(S™y, T"y)
1+d(Trx, Try)

d(T"z, T"y) = umax{d(S”:z:, S™y),

()

for all x;y € X, x # vy, where p < 1. Then T and S have a unique point of
coincidence in X. In addition, if T and S are weakly compatible then T and f

have a unique common fixed point in X .
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Proof. Tt follows that T"u = S™u = u from Theorem [2.1], for fixed n € N. Then

d(Su,Tu) = d(ST"u, TT"u) = d(T"Su, T"Tu)
d(S™Su, T"Su)d(S"Tu, T"Tu)
1+ d(S™Su, S"Tu) ’
d(S™Su, T"Su)d(S™"Tu, T"Tw)
1+d(T"Su, T"Tu)

=< max {d(S”Su, S"Tu),

d(SS™u, ST"uw)d(T S™u, TT"u)
1+ d(SS™u, TS™u) ’
d(SS™u, ST™u)d(TS™u, TT™u)
1+ d(STru, TT ) }

= pmax {d(SS"u, TS5"u),

which yields that

Su, Su)||d(Tu, Tu)|
1+ |d(Su,Tu)|

(5w, 7] = pma { d(su T,

|d(Su,Su)||d(Tu,Tu)|}
1+ |d(Su, Tu)|

Finally, we get
|d(Su, Tu)| <0,
which implies that Tu = v = Swu, that is, v is a point of coincidence of T" and S.

Further, using the similar arguments as of Theorem it can be viewed that u

is the unique common fixed point of S and 7. O

If the second and third terms inside the max in are 0 in Theorem , we
obtain the following corollary which can be viewed as an extension of the results

obtained by Bryant [3] and Saluja [14] in complex valued metric space.

Corollary 2.9. Let (X,d) be a complezx valued metric space and S,T : X — X be
two self mappings such that T"(X) C S™(X) for n € N and S™(X) is a complete

subspace of X. Suppose that
d(T"z, T"y) = ad(S"z,S"y) (6)

forall x,y € X, x # y, where a is a non negative constant such that a < 1. Then

T and S have a unique point of coincidence in X.
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Corollary 2.10. Let (X,d) be a complete complex valued metric space and T :
X — X be a self mappings such that for fited n € N

d(T"z, T"y) = ad(z,y)
forallz,y € X, x #y, where 0 < a < 1. Then T has a unique fized point in X.

Example 2.11. Let X = C and define a mapping d : C x C — C by d(z1, z2) =
|z — 29| + i|ly1 — yo| where z1 = x1 +iyy, 20 = x9 + iy2. Then (C,d) is a complex

valued metric space. Now define T': C — C as follows

(

0, ifryeq
i, ifryeq”
T(z +iy) =
L, ifze@fyed
|1+, ifreQuyeq
1
Note that, for xt = — and y = 1 we obtain the following
V5
d(T( L T(l)) = d(1,0) < d( ! 1) =2
\/3 9 - ’ —_ M \/37 - \/5
which implies that 1 < % = 5 < i which is a contradiction to the fact that

p < 1. However, one can note that T*(z) =0 for all z. So
0= d(T?*(21), T*(22)) = pd(21, 22)

which shows that T? satisfies all the conditions Corollary|2.10. Hence z = 0 is a
unique fized point of T'.

Example 2.12. Let X = {0, 1,2} and define a partial order < asx <y iff v > y.

Let the complex valued metric d be given as follows:
d(z,y) = |z —yl(l+1) Vo,ye X
and S, T : X — X as

T(0)=0,T(1) = 1,T(2) = 1 and S(0) =0, S(1) =0, 5(2) = 2.
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Case 1: If x =0,y = 1, then it can be easily seen that and other conditions of
Theorem 2.1] are satisfied.
Case 2: If v =0,y = 2, then

d(T(0), T(2)) = (1 +1) < p2(1 + 1),

which implies that and other conditions of Theorem are satisfied for 1/2 <
w <1
Case 3: Taking x = 1,y = 2, implies that and other conditions of Theorem

are satisfied. Hence, 0 € X is a unique common fized point of S and T.
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