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Abstract. A graph G is called a fractional (g, f, n′,m)-critical deleted graph

if after deleting any n′ vertices from G, the resulting graph admits a fractional

(g, f,m)-deleted graph. A graph G is called a fractional ID-(g, f,m)-deleted if

after deleting any independent set I from G, the resulting graph admits a

fractional (g, f,m)-deleted graph. In this paper, we improve independent set

conditions for a graph to be fractional (g, f, n′,m)-critical deleted and

fractional ID-(g, f,m)-deleted. Furthermore, we present some examples to

show the sharpness of given independent set bounds.

Key words: graph, fractional (g, f)-factor, fractional (g, f, n′,m)-critical

deleted graph, fractional ID-(g, f,m)-deleted graph
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1. Introduction

In computer network, the fractional factor theory is used to test the feasibility of

data transmission, and thus raises great attention from researchers. The purpose

of this paper is to consider the data transmission problem from graph theory point

of view, and only simple graphs are considered here. Let G = (V (G), E(G)) be

a graph with its vertex set V (G) and its edge set E(G), and n = |V (G)| is the

order of graph. Set eG(S, T ) = |{e = uv : u ∈ S, v ∈ T}| for any non-disjoint

S, T ⊂ V (G). The standard notations and terminologies in this paper can be

referred to Bondy and Murty [1].
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Let g and f be two integer-valued functions defined on vertex set satisfying

0 ≤ g(x) ≤ f(x) for any x ∈ V (G). A fractional (g, f)-factor is a real function

h : E → [0, 1] meet g(x) ≤
∑

e∈E(x)

h(e) ≤ f(x) for each vertex x. A fractional

f -factor is a special case of fractional (g, f)-factor if g(x) = f(x); a fractional

[a, b]-factor if g(x) = a, f(x) = b; a fractional k-factor if g(x) = f(x) = k for

arbitrarily x ∈ V (G), respectively.

There are different names of graph in the different setting: fractional

(g, f,m)-deleted graph (still has a fractional (g, f)-factor after deleting any m

edges); fractional (g, f, n′)-critical graph (still has a fractional (g, f)-factor after

deleting any n′ vertices); fractional (g, f, n′,m)-critical deleted graph (still a

fractional (g, f,m)-deleted graph after removing any n′ vertices from G). And,

the corresponding fractional [a, b]-, f - and k- graphs can be well defined. In

particular, if the deleted vertex set is an independent set, then it called fractional

ID-(g, f,m)-deleted graph (if G− I is a fractional (g, f,m)-deleted graph for any

independent set I of G), and the corresponding fractional ID-(f,m)-deleted

graph, fractional ID-(a, b,m)-deleted graph and fractional ID-(k,m)-deleted

graph can be well defined. Some results on sufficient conditions for the existence

of fractional factor can be referred to Gao and Wang [6] and [7], Wu et al. [8]

and [9], and Zhou et al. [10], [11], [12], [13], [14] and [15].

Our main results are stated as follows which extend the previous results

manifested in Gao et al. [3], [4] and [5]. The sharpness of the bounds will be

presented in Section 3, and the detailed proofs will be presented in the next

section.

Theorem 1.1. Let G be a graph of order n. Let a, b, n′,m,∆ be five integers with

i ≥ 2, 2 ≤ a ≤ b − ∆ and n′,m,∆ ≥ 0. Let g, f be two integer-valued functions

defined on V (G) such that a ≤ g(x) ≤ f(x) − ∆ ≤ b − ∆ for each x ∈ V (G). If

δ(G) ≥ b(b−∆)(i−1)
a+∆

+ n′ +m, n > (a+b)(a+b+2m−1+(i−2)(b−∆))
a+∆

+ n′, and

max{dG(x1), dG(x2), · · · , dG(xi)} ≥
(b−∆)n+ (a+ ∆)n′

a+ b
for any independent subset {x1, x2, · · · , xi} of V (G), then G is a fractional

(g, f, n′,m)-critical deleted graph.
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Theorem 1.2. Let G be a graph of order n. Let a, b, n′,m,∆ be five integers with

i ≥ 2, 2 ≤ a ≤ b − ∆ and n′,m,∆ ≥ 0. Let g, f be two integer-valued functions

defined on V (G) such that a ≤ g(x) ≤ f(x) − ∆ ≤ b − ∆ for each x ∈ V (G). If

δ(G) ≥ b(b−∆)(i− 1)

a+ ∆
+ n′ +m, n >

(a+ b)(i(a+ b) + 2m− 2)

a+ ∆
+ n′, and

|NG(x1) ∪NG(x2) ∪ · · · ∪NG(xi)| ≥
(b−∆)n+ (a+ ∆)n′

a+ b

for any independent subset {x1, x2, · · · , xi} of V (G), then G is a fractional

(g, f, n′,m)-critical deleted graph.

Set n′ = 0 in Theorem 1.1 and Theorem 1.2, then the above two conclusions

become Theorem 1 and Theorem 2 in Gao et al. [3] which reveal the independent

set conditions for fractional (g, f,m)-deleted graphs.

Corollary 1.3. Let G be a graph of order n. Let a, b,m,∆ be five integers with

i ≥ 2, 2 ≤ a ≤ b − ∆ and m,∆ ≥ 0. Let g, f be two integer-valued functions

defined on V (G) such that a ≤ g(x) ≤ f(x) − ∆ ≤ b − ∆ for each x ∈ V (G). If

δ(G) ≥ b(b−∆)(i− 1)

a+ ∆
+m, n >

(a+ b)(a+ b+ 2m− 1 + (i− 2)(b−∆))

a+ ∆
, and

max{dG(x1), dG(x2), · · · , dG(xi)} ≥
(b−∆)n

a+ b

for any independent subset {x1, x2, · · · , xi} of V (G), then G is a fractional

(g, f,m)-deleted graph.

Corollary 1.4. Let G be a graph of order n. Let a, b,m,∆ be five integers with

i ≥ 2, 2 ≤ a ≤ b − ∆ and m,∆ ≥ 0. Let g, f be two integer-valued functions

defined on V (G) such that a ≤ g(x) ≤ f(x) − ∆ ≤ b −∆ for each x ∈ V (G). If

δ(G) ≥ b(b−∆)(i− 1)

a+ ∆
+m, n >

(a+ b)(i(a+ b) + 2m− 2)

a+ ∆
, and

|NG(x1) ∪NG(x2) ∪ · · · ∪NG(xi)| ≥
(b−∆)n

a+ b

for any independent subset {x1, x2, · · · , xi} of V (G), then G is a fractional

(g, f,m)-deleted graph.
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Taking m = 0 in Theorem 1.1 and Theorem 1.2, we obtain the corresponding

independent set conditions for fractional (g, f, n′)-critical graphs. Furthermore,

by setting g(x) = a and f(x) = b, the corresponding independent set conditions

for fractional (a, b, n′,m)-critical deleted graphs are analyzed. We don’t list these

corollaries one by one. Moreover, we don’t consider the setting in g(x) = f(x)

for each x ∈ V (G) due to the corresponding conclusions on ∆ = 0 are already

manifested in other published papers.

When it comes to fractional fractional ID-(g, f,m)-deleted graph setting, we

determine the following two theorems on independent set degree condition and

independent set neighborhood union condition, respectively.

Theorem 1.5. Let G be a graph of order n. Let a, b,m,∆ be five integers with

i ≥ 2, 2 ≤ a ≤ b−∆ and m,∆ ≥ 0. Let g, f be two integer-valued functions defined

on V (G) such that a ≤ g(x) ≤ f(x) −∆ ≤ b −∆ for each x ∈ V (G). If δ(G) ≥

(a+ ∆)n

2a+ ∆ + b
+
b(b−∆)(i− 1)

a+ ∆
+m, n >

(2a+ b)(a+ b+ 2m− 1 + (i− 2)(b−∆))

a+ ∆
,

and

max{dG(x1), dG(x2), · · · , dG(xi)} ≥
(a+ b)n

2a+ ∆ + b

for any independent subset {x1, x2, · · · , xi} of V (G), then G is a fractional

ID-(g, f,m)-deleted graph.

Theorem 1.6. Let G be a graph of order n, and let a, b, i,m,∆ be five nonnegative

integers with i ≥ 2, 2 ≤ a ≤ b −∆, n >
(2a+ b)(i(a+ b) + 2m− 2)

a+ ∆
and δ(G) ≥

(a+ ∆)n

2a+ ∆ + b
+
b(b−∆)(i− 1)

a+ ∆
+m. Let g, f be two integer-valued functions defined

on V (G) such that a ≤ g(x) ≤ f(x)−∆ ≤ b−∆ for each x ∈ V (G). If G satisfies

|NG(x1) ∪NG(x2) ∪ · · · ∪NG(xi)| ≥
(a+ b)n

2a+ ∆ + b

for any independent subset {x1, x2, · · · , xi} of V (G), then G is a fractional

ID-(g, f,m)-deleted graph.
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The corresponding sufficient conditions for fractional ID-(g, f)-factor-critical

graphs can be yield by setting m = 0 in Theorem 1.5 and Theorem 1.6,

respectively. In particular, in the case g(x) = a and f(x) = b for each x ∈ V (G),

the independent set conditions for fractional ID-(a, b,m)-deleted graph can be

derived. Other setting regard ∆ = 0 are not considered in this paper.

Proof of our main results mainly depended on the following lemma which present

the necessary and sufficient condition of a graph to be fractional (g, f, n′,m)-critical

deleted.

Lemma 1.7. (Gao [2]) Let G be a graph, g, f be two integer-valued functions

defined on V (G) such that g(x) ≤ f(x) for each x ∈ V (G). Let n′, m be two

non-negative integers. Then G is fractional (g, f, n′,m)-critical deleted graph if

and only if

f(S)− g(T ) + dG−S(T ) ≥ max
U⊆S,|U |=n′,H⊆E(G−U),|H|=m

{f(U) +
∑
x∈T

dH(x)− eH(T, S)}

for all disjoint subsets S, T of V (G) with |S| ≥ n′.

By taking n′ = 0 in Lemma 1.7, we deduce the necessary and sufficient condition

of a graph to be fractional (g, f,m)-deleted which will be used to explain the

sharpness of Theorem 1.5 and Theorem 1.6.

Lemma 1.8. Let G be a graph, g, f be two integer-valued functions defined on

V (G) such that g(x) ≤ f(x) for each x ∈ V (G). Let m be two non-negative

integers. Then G is a fractional (g, f,m)-deleted graph if and only if

f(S)− g(T ) + dG−S(T ) ≥ max
H⊆E(G),|H|=m

{
∑
x∈T

dH(x)− eH(T, S)}

for all disjoint subsets S, T of V (G).

2. Proof of Main Results

The purpose of this section is to present the detailed proofing procedures of

four results manifested in last section. The tricks used in this section are mainly

followed by Gao et al. [3], [4] and [5].
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2.1. Proof of Theorem 1.1

Assume that G satisfies the conditions of the Theorem 1.1, but it’s not a fractional

(g, f, n′,m)-critical deleted graph. By Lemma 1.7 and
∑
x∈T

dH(x)− eH(T, S) ≤ 2m,

there exist disjoint subsets S and T of V (G) satisfying

(a+∆)(|S|−n′)+dG−S(T )−(b−∆)|T | ≤ f(S−U)+dG−S(T )−g(T ) ≤ 2m−1, (1)

where |S| ≥ n′ = |U |. We select subsets S and T such that |T | is minimal.

Obviously, T 6= ∅ and dG−S(x) ≤ g(x)− 1 ≤ b−∆− 1 for any x ∈ T .

Let d1 = min{dG−S(x)|x ∈ T} and select x1 ∈ T with dG−S(x1) = d1. If z ≥ 2

and T \ (∪z−1
j=1NT [xj]) 6= ∅, let

dz = min{dG−S(x)|x ∈ T \ (∪z−1
j=1NT [xj])}

and select xz ∈ T \(∪z−1
j=1NT [xj]) with dG−S(xz) = dz. Thus, it generates a sequence

with 0 ≤ d1 ≤ d2 ≤ · · · ≤ dπ ≤ g(x) − 1 ≤ b − ∆ − 1 and an independent set

{x1, x2, · · · , xπ} ⊆ T .

claim 2.1. |T | ≥ (i− 1)b+ 1.

Proof. Suppose |T | ≤ (i−1)b. Then |S|+d1 ≥ dG(x1) ≥ δ(G) ≥ b(b−∆)(i− 1)

a+ ∆
+

n′ +m. According to (1) and 0 ≤ d1 ≤ b−∆− 1, we get

2m− 1 ≥ (a+ ∆)(|S| − n′) + dG−S(T )− (b−∆)|T |

≥ (a+ ∆)(|S| − n′) + d1|T | − (b−∆)|T |

= (a+ ∆)(|S| − n′) + (d1 + ∆− b)|T |

≥ (a+ ∆)(
b(b−∆)(i− 1)

a+ ∆
− d1 +m) + (d1 + ∆− b)(i− 1)b

≥ 2m.

This produces a contradiction. �

Since dG−S(x) ≤ b−∆− 1 and |T | ≥ (i− 1)b + 1, we obtain π ≥ i. Hence, we

can select an independent set {x1, x2, · · · , xi} ⊆ T .

In light of independent set neighborhood union condition described in the

theorem, we infer
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(b−∆)n+ (a+ ∆)n′

a+ b
≤ max{dG(x1), dG(x2), · · · , dG(xi)} ≤ |S|+ di

and

|S| ≥ (b−∆)n+ (a+ ∆)n′

a+ b
− di. (2)

Since

|NT [xj]| − |NT [xj] ∩ (∪j−1
z=1NT [xz])| ≥ 1, j = 2, 3, · · · , i− 1

and

| ∪jz=1 NT [xz]| ≤
j∑

z=1

|NT [xz]| ≤
j∑

z=1

(dG−S(xz) + 1) =

j∑
z=1

(dz + 1), j = 1, 2, · · · , i,

we deduce

f(S − U) + dG−S(T )− g(T )

≥(a+ ∆)(|S| − n′)− (b−∆)|T |+ d1|NT [x1]|

+ d2(|NT [x2]| − |NT [x2] ∩NT [x1]|) + · · ·

+ di−1(|NT [xi−1]| − |NT [xi−1] ∩ (∪i−2
j=1NT [xj])|) + di(|T | − |(∪i−1

j=1NT [xj])||)

≥(a+ ∆)(|S| − n′) + (d1 − di)|NT [x1]|+
i−1∑
j=2

dj + (di + ∆− b)|T | − di
i−1∑
j=2

|NT [xj ]|

=(a+ ∆)(|S| − n′) + (d1 − di)(d1 + 1) +
i−1∑
j=2

dj + (di + ∆− b)|T | − di
i−1∑
j=2

(dj + 1)

= (a+ ∆)(|S| − n′) + d2
1 +

i−1∑
j=1

dj + (di + ∆− b)|T | − di
i−1∑
j=1

(dj + 1),

which implies

(n− |S| − |T |)(b−∆− di)

≥ f(S − U) + dG−S(T )− g(T )− 2m+ 1

≥ (a+ ∆)(|S| − n′) + d2
1 +

i−1∑
j=1

dj + (di + ∆− b)|T | − di
i−1∑
j=1

(dj + 1)− 2m+ 1.

Equivalently,

0 ≤ n(b−∆−di)−(a+b−di)|S|+di
i−1∑
j=1

dj−
i−1∑
j=1

dj+di(i−1)−d2
1+(a+∆)n′+2m−1. (3)
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By means of (2), (3), d1 ≤ d2 ≤ · · · ≤ di ≤ b−∆− 1 and

n >
(a+ b)(a+ b+ 2m− 1 + (i− 2)(b−∆))

a+ ∆
+ n′, we have

0 ≤n(b−∆− di)− (a+ b− di)(
(b−∆)n+ (a+ ∆)n′

a+ b
− di) + di

i−1∑
j=1

dj −
i−1∑
j=1

dj

+ di(i− 1)− d2
1 + (a+ ∆)n′ + 2m− 1

=− (a+∆)n

a+b
di +(a+b)di −d2

i +di

i−1∑
j=1

dj −
i−1∑
j=1

dj +di(i−1)−d2
1 +

(a+∆)di
a+b

n′ +2m−1

=− (a+ ∆)n

a+ b
di + (did1 − d1 − d2

1) + (di − 1)
i−1∑
j=2

dj

+ di(a+ b+ i− 1)− d2
i +

(a+ ∆)di
a+ b

n′ + 2m− 1

≤− (a+ ∆)n

a+ b
di + (di

di − 1

2
− di − 1

2
− (

di − 1

2
)2) + (di − 1)

i−1∑
j=2

di

+ di(a+ b+ i− 1)− d2
i +

(a+ ∆)di
a+ b

n′ + 2m− 1

=− (a+ ∆)n

a+ b
di + (i− 11

4
)d2
i + di(a+ b+

1

2
)− 3

4
+

(a+ ∆)di
a+ b

n′ + 2m.

If di > 0, then 0 < −(a+ ∆)n

a+ b
di+(i− 11

4
)d2
i +di(a+ b+

1

2
)− 3

4
+

(a+ ∆)di
a+ b

n′+2m ≤ 0

since n >
(a+ b)(a+ b+ 2m+ (a+ ∆)n′ − 1 + (i− 2)(b−∆))

a+ ∆
and 2m(1 − di) ≤ 0, a

contradiction.

If di = 0, then d1 = · · · = di = 0. In view of (2), we get we get

|S| ≥ (b−∆)n+ (a+ ∆)n′

a+ b
and |T | ≤ n − |S| ≤ (a+ ∆)n− (a+ ∆)n′

a+ b
. By means of

dG−S(T ) ≥
∑
x∈T

dH(x)− eG(T, S), we yield

f(S − U) + dG−S(T )− g(T )− (
∑
x∈T

dH(x)− eG(T, S))

≥ (a+ ∆) · ((b−∆)n+ (a+ ∆)n′

a+ b
− n′)− (b−∆) · (a+ ∆)n− (a+ ∆)n′

a+ b

+(dG−S(T )−
∑
x∈T

dH(x) + eG(T, S))

≥ 0,

is also a contradiction.

Therefore, the desired theorem is proved. �
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2.2. Proof of Theorem 1.2

On the contrary, assume that G satisfies the conditions of the Theorem 1.2, but it’s not a

fractional (g, f, n′,m)-critical deleted graph. By Lemma 1.7 and
∑
x∈T

dH(x)−eH(T, S) ≤

2m, there exist disjoint subsets S and T of V (G) satisfying

(a+ ∆)(|S| − n′) + dG−S(T )− (b−∆)|T | ≤ f(S −U) + dG−S(T )− g(T ) ≤ 2m− 1, (4)

where |S| ≥ n′. We select subsets S and T such that |T | is minimal. Obviously, T 6= ∅

and dG−S(x) ≤ g(x)− 1 ≤ b−∆− 1 for any x ∈ T .

Let d1 = min{dG−S(x)|x ∈ T} and select x1 ∈ T with dG−S(x1) = d1. If z ≥ 2 and

T \ (∪z−1
j=1NT [xj ]) 6= ∅, let

dz = min{dG−S(x)|x ∈ T \ (∪z−1
j=1NT [xj ])}

and select xz ∈ T \(∪z−1
j=1NT [xj ]) with dG−S(xz) = dz. Thus, it generates a sequence with

0 ≤ d1 ≤ d2 ≤ · · · ≤ dπ ≤ g(x)−1 ≤ b−∆−1 and an independent set {x1, x2, · · · , xπ} ⊆

T . Using the trick as depicted in the proofing of Theorem 1.1, we infer |T | ≥ (i−1)b+1.

Since dG−S(x) ≤ b−∆− 1 and |T | ≥ (i− 1)b+ 1, we obtain π ≥ i. Hence, we can select

an independent set {x1, x2, · · · , xi} ⊆ T .

In light of independent set neighborhood union condition described in the theorem,

we infer

(b−∆)n+ (a+ ∆)n′

a+ b
≤ |NG(x1) ∪NG(x2) ∪ · · · ∪NG(xi)| ≤ |S|+

i∑
j=1

dj

and

|S| ≥ (b−∆)n+ (a+ ∆)n′

a+ b
−

i∑
j=1

dj . (5)

Using the same fashion, we have

0 ≤ n(b−∆−di)−(a+b−di)|S|+di
i−1∑
j=1

dj−
i−1∑
j=1

dj+di(i−1)−d2
1+(a+∆)n′+2m−1. (6)

By means of (5), (6), d1 ≤ d2 ≤ · · · ≤ di ≤ b−∆−1 and n >
(a+ b)(i(a+ b) + 2m− 2)

a+ ∆
+

n′, we have

0 ≤n(b−∆− di)− (a+ b− di)(
(b−∆)n+ (a+ ∆)n′

a+ b
−

i∑
j=1

dj) + di

i−1∑
j=1

dj −
i−1∑
j=1

dj

+ di(i− 1)− d2
1 + (a+ ∆)n′ + 2m− 1
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=− (a+ ∆)n

a+ b
di + (a+ b)

i∑
j=1

dj − di
i∑

j=1

dj + di

i−1∑
j=1

dj −
i−1∑
j=1

dj

+ di(i− 1)− d2
1 + di

(a+ ∆)n′

a+ b
+ 2m− 1

=− (a+ ∆)n

a+ b
di + ((a+ b− 1)d1 − d2

1) + (a+ b− 1)
i−1∑
j=2

dj

+ di(a+ b+ i− 1)− d2
i + di

(a+ ∆)n′

a+ b
+ 2m− 1

≤ −(a+ ∆)n

a+ b
di + (a+ b− 1)di + (a+ b− 1)

i−1∑
j=2

di

+ di(a+ b+ i− 1)− d2
i + di

(a+ ∆)n′

a+ b
+ 2m− 1

=− (a+ ∆)n

a+ b
di + i(a+ b)di − d2

i + di
(a+ ∆)n′

a+ b
+ 2m− 1

If di > 0, then 0 < −(a+ ∆)n

a+ b
di + i(a + b)di − d2

i + di
(a+ ∆)n′

a+ b
+ 2m − 1 ≤ 0 since

n >
(a+ b)(i(a+ b) + 2m− 2)

a+ ∆
+ n′ and 2m(1− di) ≤ 0, a contradiction.

If di = 0, then d1 = · · · = di = 0. In view of (5), we get |S| ≥ (b−∆)n+ (a+ ∆)n′

a+ b

and |T | ≤ n − |S| ≤ (a+ ∆)n− (a+ ∆)n′

a+ b
. By means of dG−S(T ) ≥

∑
x∈T

dH(x) −

eG(T, S), we yield

f(S − U) + dG−S(T )− g(T )− (
∑
x∈T

dH(x)− eG(T, S))

≥ (a+ ∆) · ((b−∆)n+ (a+ ∆)n′

a+ b
− n′)− (b−∆) · (a+ ∆)n− (a+ ∆)n′

a+ b

+(dG−S(T )−
∑
x∈T

dH(x) + eG(T, S))

≥ 0,

is also a contradiction.

Therefore, the desired theorem is proved. �

2.3. Proof of Theorem 1.5 and 1.6

Here we only present the proof of Theorem 1.6, and the proof of Theorem 1.5 can be

done by using the similar techniques.
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Set G′ = G− I for any independent set I. If |I| = 1, then

|V (G′)| > (2a+ b)(i(a+ b) + 2m− 2)

a+ ∆
− 1 >

(a+ b)(i(a+ b) + 2m− 2)

a+ ∆
. It’s not hard

to verify that δ(G′) ≥ b(b−∆)(i− 1)

a+ ∆
+ m and |NG′(x1) ∪ NG′(x2) ∪ · · · ∪ NG′(xi)|

≥ b|V (G′)|
a+ b

=
b(n− 1)

a+ b
for any independent subset {x1, x2, · · · , xi} of G′. Thus, the

result holds from Corollary 1.4.

We now discuss the case |I| ≥ 2. By means of independent set neighborhood union

condition, we derive |V (G′)| ≥ (a+ b)n

2a+ b+ ∆
>

(a+ b)(i(a+ b) + 2m− 2)

a+ ∆
. If |NG′(x1) ∪

NG′(x2)∪· · ·∪NG′(xi)| <
(b−∆)|V (G′)|

a+ b
for some independent subset {x1, x2, · · · , xi} of

V (G′), then
(a+ b)(|V (G′)|+ |I|)

2a+ b+ ∆
≤ |NG(x1)∪NG(x2)∪· · ·∪NG(xi)| <

(b−∆)|V (G′)|
a+ b

+

|I|, i.e., |V (G′)| < a+ b

a+ ∆
|I| ≤ a+ b

a+ ∆

(a+ ∆)n

2a+ b+ ∆
=

(a+ b)n

2a+ b+ ∆
. It contradicts |NG(x1)∪

NG(x2)∪· · ·∪NG(xi)| ≥
(a+ b)n

2a+ b+ ∆
for any independent subset {x1, x2, · · · , xi} of V (G)

and |I|≥2. Therefore, we have |NG′(x1)∪NG′(x2)∪· · ·∪NG′(xi)| ≥
(b−∆)|V (G′)|

a+ b
for all

independent subset {x1, x2, · · · , xi} in G′. Furthermore, we infer δ(G′)≥ b(b−∆)(i−1)

a
+

m by |I| ≤ (a+ ∆)n

2a+b+∆
and δ(G) ≥ (a+ ∆)n

2a+b+∆
+
b(b−∆)(i−1)

a
+ m. At last, the result

follows from Corollary 1.4.

In all, Theorem 1.6 is hold. �

3. Sharpness

The aim of this section is to present that the independent set results in Theorem

1.1-1.6 are tight.

Theorem 1.1 and Theorem 1.2 are best possible, in some extent, on the conditions.

Actually, we can construct some graphs such that the independent set degree condition

in Theorem 1.1 can’t be replaced by max{dG(x1), dG(x2), · · · , dG(xi)}

≥ (b−∆)n+ (a+ ∆)n′

a+ b
− 1, and the independent set neighborhood union condition in

Theorem 1.2 can’t be replaced by |NG(x1) ∪ NG(x2) ∪ · · · ∪ NG(xi)| ≥
(b−∆)n+ (a+ ∆)n′

a+ b
− 1.
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Let b = a + ∆, G1 = Kiat+n′ be a complete graph, G2 = (ibt + 1)K1 be a graph

consisting of ibt+1 isolated vertices, and G = G1∨G2, where t is sufficiently large. Then

n = |G1|+|G2| = i(a+b)t+n′+1, and for any independent set {x1, x2, · · · , xi} ⊆ V (G2),

we get

(b−∆)n+ (a+ ∆)n′

a+ b
> max{dG(x1), dG(x2), · · · , dG(xi)} = iat+ n′ >

(b−∆)n+ (a+ ∆)n′

a+ b
− 1,

(b−∆)n+ (a+ ∆)n′

a+ b
> |NG(x1) ∪NG(x2) ∪ · · · ∪NG(xi)| = iat+ n′ >

(b−∆)n+ (a+ ∆)n′

a+ b
− 1.

Let S = V (G1), T = V (G2), g(x) = a and f(x) = b = a + ∆ for any x ∈ V (G). Then

f(S \ U) − g(T ) + dG−S(T ) − (
∑
x∈T

dH(x) − eH(T, S)) = biat − a(ibt + 1) = −a < 0 for

any U ⊆ S and |U | = n′. Hence, G is not a fractional (g, f, n′,m)-critical deleted graph

according to Lemma 1.7.

Next, we show that Theorem 1.5 and Theorem 1.6 are best possible, i.e.,

independent set degree condition can’t be replaced by max{dG(x1), dG(x2), · · · , dG(xi)}

≥ (a+ b)n

2a+ ∆ + b
− 1, and independent set neighborhood union condition can’t be replaced

by |NG(x1) ∪NG(x2) ∪ · · · ∪NG(xi)| ≥
(a+ b)n

2a+ ∆ + b
− 1.

Considering a graph G = (bt+ 1)K1 ∨Kat ∨ (bt+ 1)K1, where t is a sufficiently large

positive integer. Clearly, n = (2b + a)t + 2. Let g(x) = a and f(x) = b = a + ∆ for all

x ∈ V (G). We have

(a+ b)n

2a+ b+ ∆
> max{dG(x1), dG(x2), · · · , dG(xi)} = (a+ b)t+ 1 >

(a+ b)n

2a+ b+ ∆
− 1

(a+ b)n

2a+ b+ ∆
> |NG(x1) ∪NG(x2) ∪ · · · ∪NG(xi)| = (a+ b)t+ 1 >

(a+ b)n

2a+ b+ ∆
− 1

for any independent subset {x1, x2, · · · , xi} of V (G).

Let I = (bt+ 1)K1. For G′ = Kat∨ (bt+ 1)K1, let S = Kat and T = (bt+ 1)K1. Then

we have
∑
x∈T

dH(x)− eH(T, S) = 0 for any subset H of E(G′) with m edges. Therefore,

f(S)− g(T ) + dG′−S(T )− (
∑
x∈T

dH(x)− eH(T, S)) = b(at)− a(bt+ 1)

= −a.

Hence, by Lemma 1.8, G′ is not a fractional (g, f,m)-deleted graph. In conclusion, G is

not a fractional ID-(g, f,m)-deleted graph.
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4. More remarks

If we allow a = 1 in theorems, it is found that the minimal degree condition should be

strengthened in order to meet the same independent set conditions. Specifically, using

the proofing processers, we can obtain the following result.

Theorem 4.1. Let G be a graph of order n. Let a, b, n′,m,∆ be five integers with

i ≥ 2, 1 ≤ a ≤ b − ∆ and n′,m,∆ ≥ 0. Let g, f be two integer-valued functions

defined on V (G) such that a ≤ g(x) ≤ f(x) − ∆ ≤ b − ∆ for each x ∈ V (G). If

δ(G) ≥ b(b−∆)(i− 1)

a+ ∆
+ n′ + 2m, n >

(a+ b)(a+ b+ 2m− 1 + (i− 2)(b−∆))

a+ ∆
+ n′,

and

max{dG(x1), dG(x2), · · · , dG(xi)} ≥
(b−∆)n+ (a+ ∆)n′

a+ b

for any independent subset {x1, x2, · · · , xi} of V (G), then G is a fractional

(g, f, n′,m)-critical deleted graph.

Theorem 4.2. Let G be a graph of order n. Let a, b, n′,m,∆ be five integers with

i ≥ 2, 1 ≤ a ≤ b − ∆ and n′,m,∆ ≥ 0. Let g, f be two integer-valued functions

defined on V (G) such that a ≤ g(x) ≤ f(x) − ∆ ≤ b − ∆ for each x ∈ V (G). If

δ(G) ≥ b(b−∆)(i− 1)

a+ ∆
+ n′ + 2m, n >

(a+ b)(i(a+ b) + 2m− 2) + (a+ ∆)n′

a+ ∆
, and

|NG(x1) ∪NG(x2) ∪ · · · ∪NG(xi)| ≥
(b−∆)n+ (a+ ∆)n′

a+ b

for any independent subset {x1, x2, · · · , xi} of V (G), then G is a fractional

(g, f, n′,m)-critical deleted graph.

Theorem 4.3. Let G be a graph of order n. Let a, b,m,∆ be five integers with i ≥ 2,

1 ≤ a ≤ b−∆ and m,∆ ≥ 0. Let g, f be two integer-valued functions defined on V (G)

such that a ≤ g(x) ≤ f(x) − ∆ ≤ b − ∆ for each x ∈ V (G). If δ(G) ≥ (a+ ∆)n

2a+ ∆ + b
+

b(b−∆)(i− 1)

a+ ∆
+ 2m, n >

(2a+ b)(a+ b+ 2m− 1 + (i− 2)(b−∆))

a+ ∆
, and

max{dG(x1), dG(x2), · · · , dG(xi)} ≥
(a+ b)n

2a+ ∆ + b

for any independent subset {x1, x2, · · · , xi} of V (G), then G is a fractional

ID-(g, f,m)-deleted graph.
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Theorem 4.4. Let G be a graph of order n, and let a, b, i,m,∆ be five nonnegative

integers with i ≥ 2, 1 ≤ a ≤ b − ∆, n >
(2a+ b)(i(a+ b) + 2m− 2)

a+ ∆
and δ(G) ≥

(a+ ∆)n

2a+ ∆ + b
+
b(b−∆)(i− 1)

a+ ∆
+ 2m. Let g, f be two integer-valued functions defined on

V (G) such that a ≤ g(x) ≤ f(x)−∆ ≤ b−∆ for each x ∈ V (G). If G satisfies

|NG(x1) ∪NG(x2) ∪ · · · ∪NG(xi)| ≥
(a+ b)n

2a+ ∆ + b

for any independent subset {x1, x2, · · · , xi} of V (G), then G is a fractional

ID-(g, f,m)-deleted graph.

Again, the examples presented in Section 3 also show that the independent set degree

and neighborhood union conditions are best possible.

5. Acknowledgments

We thank the reviewers for their constructive comments in improving the quality of

this paper.

References

[1] J. A. Bondy, U. S. R. Murty, Graph Theory, Springer, Berlin, 2008.

[2] W. Gao, Some results on fractional deleted graphs, Doctoral disdertation of Soochow

university, 2012.

[3] W. Gao, J. L. G. Guirao, H. L. Wu, Two tight independent set conditions for fractional

(g, f,m)-deleted graphs systems, Qualitative Theory of Dynamical Systems, 2018, 17(1):

231-243.

[4] W. Gao, D. Dimitrov, H. Abdo, Tight independent set neighborhood union condition for

fractional critical deleted graphs and ID deleted graphs, Discrete and Continuous Dynamical

Systems-Series S, 2019, 12(4-5): 711-721.

[5] W. Gao, J. L. G. Guirao, M. Abdel-Aty, W. F. Xi, An independent set degree condition

for fractional critical deleted graphs, Discrete and Continuous Dynamical Systems-Series S,

2019, 12(4-5): 877-886.

[6] W. Gao, W. F. Wang, A tight neighborhood union condition on fractional

(g, f, n′,m)-critical deleted graphs, Colloquium Mathematicum, 149(2) (2017), 291–298.

[7] W. Gao, W. F. Wang, New isolated toughness condition for fractional (g, f, n)-critical

graphs, Colloquium Mathematicum, 147(1) (2017), 55–66.



Improved Independent Set Conditions for Fractional Factors 31

[8] J. Z. Wu, W. Gao, Binding number condition for fractional (g, f, no,m)-critical deleted

graph in the new setting, Utilitas Mathematica, 109 (2018), 129–137.

[9] J. Z. Wu, X. Yu, W. Gao, An extension result on fractional ID-(g, f,m)-deleted graph, Ars

Combinatoria, 141 (2018), 139–148.

[10] S. Z. Zhou, Some results about component factors in graphs, RAIRO-Operations Research,

https://doi.org/10.1051/ro/2017045.

[11] S. Z. Zhou, Remarks on orthogonal factorizations of digraphs, International Journal of

Computer Mathematics, 91(10) (2014), 2109–2117.

[12] S. Z. Zhou, F. Yang, L. Xu, Two sufficient conditions for the existence of path factors in

graphs, Scientia Iranica, DOI: 10.24200/SCI.2018.5151.1122.

[13] S. Z. Zhou, Z. R. Sun, Neighborhood conditions for fractional ID-k-factor-critical graphs,

Acta Mathematicae Applicatae Sinica, English Series, 34(3) (2018), 636–644.

[14] S. Z. Zhou, T. Zhang, Some existence theorems on all fractional (g, f)-factors with prescribed

properties, Acta Mathematicae Applicatae Sinica, English Series, 34(2)(2018), 344–351.

[15] S. Z. Zhou, Z. R. Sun, Z. Xu, A result on r-orthogonal factorizations in digraphs, European

Journal of Combinatorics, 65 (2017), 15–23.

www.shcpub.edu.in

www.shcpub.edu.in

	1. Introduction
	2. Proof of Main Results
	2.1. Proof of Theorem 1.1
	2.2. Proof of Theorem 1.2
	2.3. Proof of Theorem 1.5 and 1.6

	3. Sharpness
	4. More remarks
	5. Acknowledgments
	References

