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ABSTRACT. This paper aims to obtain extorial type solutions of Fibonacci
difference equations having shift value. A higher order Fibonacci summation
formula of product of polynomial and extorial functions is obtained by higher
order Fibonacci nabla difference operator, its inverse and the higher order
Fibonacci numbers. Extorial function is a function obtained by replacing
polynomial into polynomial factorials in the exponential function. Suitable
examples with numerical verification are inserted to illustrate our main results.
Key words: Exact solution, Extorial function,Fibonacci difference
equation, Fibonacci numbers, Nabla difference operator, Summation formula.
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1. INTRODUCTION

Difference equations usually describe the evolution of certain
phenomena over the course of time. A standard approach in numerical
integration of differential equations is to replace it by a suitable difference
equation whose solutions can be obtained in a stable manner. However, the
qualitative properties of solutions of the difference equations are quite different
from the solutions of the corresponding differential equations. Further, solutions
of several well known difference equations like Clairaut’s, Euler’s, Riccati’s,
Bernoulli’s, Verhulst’s, Duffing’s, Mathieu’s and Volterra’s difference equations
retain most of the properties of the corresponding differential equations.
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A difference equation is an equation that contains sequence of differences.
We can solve a difference equation by finding a sequence that satisfies the
equation and we call that sequence a solution of the equation. A function
satisfying given difference equation is called exact solution of the given difference
equation.For example, the difference equation Au(k) = e** has an exact solution
u(k) = e*/(ef — 1), s # 0 and k € (—o00,0). As extensions of A, theories of

g-difference, h-difference and fractional difference operators are found in [1]- [3]

In mathematical terms, the sequence F, of usual Fibonacci numbers is
obtained by the recurrence relation F,, = F,,_1 + F,,_o, Fo =1, F1 =1,n>2

In |7], for an m-tuple @ = (a1, as, as, - - - a,,) € R™, @-Fibonacci number is defined

as
Fy(@) =) aF(n—1i),F0)=1F(-n)=0, 1<n<m (1)
=1
Fn(a):aan—1+a2Fn—2+"'+a'an—m7 nz=m

Remark 1.1. For our convenient, we denote Fy,(a) = F,,.

2. PRELIMINARIES

In this section, the exponential function is extended to extorial
function and applying by higher order @-Fibonacci number, we obtain higher

order summation formula for product of extorial function and polynomials.

Definition 2.1. [4] Let u(k), k € (—o0, 00), be a real or complex valued function

and ¢ > 0 be fixed. Then, the ¢-difference operator Ay on u(k) is defined as
Apu(k) = u(k +0) — u(k). (2)
and its inverse is defined as if there is a function v(k) such that
Ap(k) =u(k), then v(k)= A u(k). (3)

Definition 2.2. [6] For 0 # ¢,k € (—oo0,00) and n € N(0), the /—polynomial

factorial is defined as

kY = k(k — 0)(k —20) ... (k — (n — 1)0). (4)
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For any real number, the v*" order polynomial factorial is given by

F(—+1)
k
kj =" ¢ —+1—v¢—N(0)

F(%—i—l—u) ¢

Where I' is the Gamma function.

Definition 2.3. [6] For —1 < ¢ < 1 and k € (—o0, 0), the /—extorial function,
denoted as e(ky), is defined as

kéo) kél) kéQ) kéS)

e(ke) = o Tt T e toe (5)
In general, for any real v, we have
k(o) k(l’) k(QV) k(?’l’)
ey (k) = ¢ ¢ L 4.+ o0

o ! (2! @By

Remark 2.4. The additive property of extorial function is given by

e1(k1 + ka)e = er((k1)r)ei((k2)e) (6)

Definition 2.5. For a = (aj,as,a3, -+ ,a,) € R™ the Fibonacci Nabla

(—difference operator ¥V on u(k) is defined as
(a)e

V v(k) =v(k) —arv(k+0) —agv(k + 20) — azv(k +30) — - - - — av(k +ml). (7)

VvV v(k) = u(k) then v(k) = V u(k), (8)

Lemma 2.6. (Product Formula) Let 1 — > aje(jly) # 0, From and (), we
j=1
have

3 elke) = elke) — are((k + £)e) — aze((k +20)e) = -+~ — ame((k +mb)e). - (9)

= e(ky) — are(ke)e(ly) — aze(ke)e(20y) — -+ — ame(ke)e(mly)

= e(ko)[1 — are(ly) — aze(20y) — - - - — ame(mly)],
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which yields

(10)

Theorem 2.7. (Fibonacci Summation Formula)Consider F,, given in and (2).
Let v(k) be a solution of the higher order difference equation V v(k) = u(k),
(a)

k € [0,00), then we have
}:}:m ok + ()0 =3 Fau(k + it). (11)
Jj=1 =g i=0

Proof. From and , we get
v(k) = u(k) + ayv(k 4+ £) + agv(k + 20) + - - - + av(k + ml). (12)

Replacing k by k + ¢ and then substituting the value v(k + ¢) in ((12)), we find
v(k) = u(k) + ayu(k + £) + (a2 + ax)v(k + 20) + (aras + az)v(k + 3¢)

+ A (@1 + a)v(k 4 ml) + ayamv(k + (m+1)0). (13)

Replacing k by k + 2¢ and then substituting the value v(k + 2¢) in , we obtain
v(k) = u(k) + aru(k 4+ 0) + (af + az)u(k + 20) + ((af + az)ar + aras + az)v(k + 3¢)
+ -+ ((af 4 a2)a@m-2) + a10(m-1) + am)v(k 4+ ml)
+ ((af + a2)am—1 + ara,)v(k + (m + 1)0) + (af + az)a,v(k + (m + 2)0),

which can be expressed as
v(k) = Fou(k) + Fru(k + €) + Fou(k + 20) + Fio(k + 30)
m—2
-+ Z (Fgai -+ Flaiﬂ + Foa/i+2)v(k -+ (Z + 2)6)
=2

+ (Faam-1 + Fran)v(k + (m + 1)0) + Fha,v(k + (m + 2)0)

Repeating this process again and again and by induction, we arrive ({11J). 0



Higher Order Fibonacci Summation Formula with Extorial Functions 68

m

Corollary 2.8. If > aje(jls) # 1, then we have
=1

e(kjﬁ) - Z Z aian(ifj)e(k + (7’L + ])E) n
ik =" Fe((k +it)e). (14)
1= aje(jl) i=0
j=1
Proof. Taking u(k) = e(k;) and applying yield
1 k
v olk) = u(k) and o(k) = Y (k) = — <k
(a1,a2)¢ (a1,a2)¢ 1— Z a 6(]€e>
=
Substituting v(k) and u(k) in gives (14).
The following example is a numerical verification for (14]). O

Example 2.9. Taking k = 5,m = 3,n = 3,a1 = as = a3 ={ =1 1in and
using

Fo=1F, =1 F, =2, F; =4,we have

e(51) — 7e(9;1) — 6e(10;) — 4e(11y) &

T el —e2) —e@) & helGFin)

32 — 7(512) — 6(1024) — 4(2048)
—13

= F0€(51)+F1€(61)+F2€(71)+F36(81) = 1376.
Theorem 2.10. Let 1 — > aje((j€),) # 0. Then, an exact solution of
j=1

the higher order difference equation v(k) — > av(k +ml) = kNe((sk)s) is given
i=1

by
N N NeEN=igt f:jiaje((jsﬁ)sg)
_Vl ENe((sk)g) = i me<<8k)se> + Z \Y4 TiZI . (15)
(@ 1- ;aje((ﬂ)e) i1 (@ 1- ;aje((jf)e)

Proof. We give proof by induction method. When m = 0, by

taking v(k) = k%e((sk)s) in (7)), we get

¥ Ke((sh)ur) = — o5k

o 1= 3 (i)
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ke((sk)se)
1 - ;aa‘e((ﬂ)e)

When m = 1, taking v(k) = in (7)), we obtain

ke((sk)se) _ ke((sk)se) ai(k+ Oe((s(k 4+ 0))se)
@y - ];1 aje((j0)e) 11— ; a;e((j0)e) 1—- ; aje((70)e)
_as(k +20e(s(k + 20)5)

b

1—§%mmw

which is the same as

Cel(sk)oe) 3o ase((jst) )k
PoDe) e (sh)) - = (17
L= 3 age((ite) 1= % aze((i0)0)
Similarly, by taking v(k) = anf((Sk)SZ) in (7)), we find
1= age((i0)
v k2e((sk)sr) _ Re((sk)se)  ai(k+0)%e(s(k +0)s)
V1= Y ae((0) 1= ae((0) 1= X ae(([i0))
ag(k +20%e(s(k + 25)34)‘
1- g:l aje((j€)e)
By expanding and grouping the terms, we arrive
) 2hte((sk)se) 3 jase((s€)sr)
v R peeoh),) - .=
W= 2 ael(0)) L= 2 a;e((i0)0)
Pe((sk)u) 3 FPase((Gs0))k”
- le . (18)
L= 2, a;e((50))
For v(k) = Koe((sk)st) , the corresponding relation is obtained as below:

1= 3 ae((50))
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v ke((sk)se) _ k3e((sk)sr) ~a(k+ 0)3e(s(k +0)s)
@ — ;aje((jf)e) 1— ;aje((ﬂ)e) 1-— ;aje((ﬂ)e)
ag(k 4+ 20)%e(s(k + 20)50)
1- g:l a;e((j€)e)
3k20e((sk).0) fjl jaze((js)s)
= k3€((sk)sg) — Py =
1— j;jaje((jé)e)
ShEe((sK)w) 3o SPasel(o0))  Lel(K)u) 32 Sasel o0k
i ae((j0)e)

1= 3 asel(i0))

s 36k 0 Y frage((s0)w)e((sk))

v ij((Sk>8€) _ k?’e((sk)sg)—z Jj=1 _
1= Y ae((0)) L= 2 aeli00)

In general, we find that, by induction,
NeikN=10 57 jaze((jst)se)e((sk)se)
i=1

v kNme<<Sk)sZ> _ kaG«Sk)s[) .
> a;e((j0)e)

M=

@1 - 1- Zlaje((ﬂ)e)
=

J

—1
Applying ¥ on both sides, we get .
(a)e
Example 2.11. Let 1 — > aje((jst)e) # 0.Then, by taking N =3 in (15)),
j=1
3k2le((sk), - jae((jsl
. el ()0 3% Jasel(G30)0

V Be((sk)u) = — + ’
(a)t 1— ;%6((155)6) (1 _ i aje((j85)6)>

. (19)
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6k2e((sk)o0) <j gjl aje((jsﬁ)g)> 663((sk)s0) (é aje((jsf)g)>
+

+ 3 4
(1 - aje«jsem) (1 5 aﬁ((iS@é))

3kL%e((sk)se) <j2 i ajﬁ((i-?@f))

+ 2
<Zl aje((jsﬁ)z)>

_|_

60%¢((sk)se) (il aﬁ((ﬁ@é)) (if%d(ﬁ@ﬂ) Ce((sk)se) (iﬁaje((jsé)g))
(1 - aje((jsf)e)) (1 - g:l @je((jse)6)>
(20)

Now 1s an exact solution of the higher order difference equation

V v(k) = k3e(ky).
(a)e

s

Proof. Taking N=3 in , we get the relation

Bk S Jage((s0))e((5F)o)

2 .3 _ KPe((sk)s) 3, j=1
(Xek e((sk)g) = “m +;(Xé N
1 ;aje(jsﬁg) 1 ;aje((jsﬂ)g)
. 3% aje((jst))
- Fellhly | = ¥ Re((sh))

1- éaje((jsﬁ)é) 1— iaje((jsﬁ)g) (@)t

303 (00 | £3 Pagel(jst))

b ¥ ke((sk)y) + —2L ¥ Ke((sk)w).  (21)
1— ;%‘6((]’85)@) ()t 1- ;aje((j%)e) ()t
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-1
Applying ¥V on both sides of and using 7We find that
(a)?

e(ijwd@%m)d@mw

(_v; ke((sk)se) = kz((sms‘f) 4 , (22)
G—;%Mmm> G—;%wwm>
Applying (_V; on both sides of and using ,,We arrive
1 . %%i <wa0«ww
3 Koe((sk).) = me((s ) - g
(1 - ;aj e((jst)e) > ( Z aje( ]Sf)e))
& (fﬁljaje((jsf)e)> e((sk)se) L2 (if@je((jsé)e)) e((sk)se)
+ o - FRN —. (23
<1 - Zlaje((j8f)4)> (1 - Zlaje((jsg)z)>
Substituting the above value in and using ,,,We obtain .
OJ

Corollary 2.12. (Higher order Fibonacci formula for product of polynomial and
—1
extorial function).If v(k) = V kNe((sk)se) is as given in (L5)), then we have

(;V)lg kENe((sk)se) — Z Z i F(i—j) V (k+ (n+4)0)"e(s(k + (n + j)0)s)

j=li=j
= Fi(k+i)Ve(s(k +i0)). (24)
Proof. Taking u(k) = kNe(sky) in Theorem [2.7] gives ([24). O

Example 2.13. By taking k = 5,N = 3n = 2m = 3,a; = a, = a3 = 1 and
s=1{0=1"1in (24), we find that
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— SSE(5 4 i0%e((5 + i)1) = 105632.

i=0
The following is the product formula for inverse of higher order Fibonacci operator.

Theorem 2.14. Let u(k) and v(k) be the real valued function. Then we have

V uk)oB) =uk) Vo) -3 av {‘vl vik+i) Vuk)|,  (25)
(a)t (a)t — " ()t |(a)e (€)

where e; = (0,0,0,---,1,0,0,---,0), ith components is 1 other component are
zero.
Proof. Taking v (k) = u (k) w (k) in (7)), we get
(Xg[u(k)w(k:)] =u(k)w (k) —au(k+ 0wk +0)—ayu(k+20)w (k+ 20)
— - —apu (k+ml)w(k+ ml)

Adding and Subtracting aju (k) w (k + ¢), asu (k) w (k + 2¢),

< apu (k+ml)w (k +ml) gives

Xe[u(k)w(k)} = u(k) (ng(k:) + Z:il a;w(k + il) z u(k)

(
-1 -1

Taking w(k) = V v(k) and applying V on both sides, we get (25),
(a)t (a)¢

where e; = (0,0,0.---,1,0,0.) and a = (ay, az, - , ). O

Corollary 2.15. Let u(k) and v(k) be the real valued functions. Then,
-1 -1 m -1 | -1 .
V u(k)e(k) = u(k) V e(k) =Y _a; V |V e((k +il);) V u(k) (26)
(a)? (a)e i—1 (a)t [ (a)¢ €

Proof. Taking v(k) = e(k) in (2F)), we get O
Corollary 2.16. An exact solution of the higher order diffference equation

v(k) = > av(k + i) = k*e(ky) is given by
i=1

. e ) leg;l jase((k+ (G0))e)

()t (1 — i aﬁ((ﬂ)z)) <1 - i aﬁ((ﬂ)@)
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202 ﬁ::lza i jage((k + (i + §)0)0) i:;l 2a;e((k + it),)

3 + 5. (27)
(1 -2 aﬁ((ﬂ)e)) (1 -2 aﬁ(ﬂe))
j=1 i=1
Proof. Taking u(k) =k in and using ([10)), we find
5~ jasle((k + (j¢
—1 k’e(l{?g) j;jaj 6(( (j ))K)
(V)Z ke (k) = + R (28)
(1 - aje((jf)d) (1 -3 w(j@))
Jj=1 j=1
Taking u(k) = k? in and using yield
23" ja,l
S Ke(k) G
(Vek: e(ke) = + (V)E ke((k +il),)
(1 -2 aﬁ((ﬂ)é)) (1 -2 aﬁ(ﬂ)ﬁ)
j=1 j=1
i 0?52,
j=1 <

By substituting in the above and using ,We get the proof of O

-1
Corollary 2.17. Ifv(k) = V k?e(ke) is an ezact solution given by (27)), then the
(a)e

higher order Fibonacci summation formula for k?e(k,) is obtained as

—1 m.om —1
z kPe(ke) — 30 3 ailu——j) (V)Z(k + (n+5)0)%e((k + (n+5)0)0)

i=1i=)
= 5" Fi(k +i0)%e((k + it),). (29)
i=0
Proof. by taking u(k) = k®e(k) in Theorem 2.7 we get O

Example 2.18. Let k=8n=2m=3,a, =as =az3 =1 in .Then

-1 -1 -1 —1
\V4 826(81) -4V 1126(111) -3 V 1226(121) -2 V 1326(131)
(1,1,1) (1,1,1) (1,1,1) (1,1,1)
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2
=> F(8+ i)ze((S +1i)1) = 262656.
1=0
3. CONCLUSION

The newly arrised extorial function is applied to obtain solution

of certain type of higher order difference equation involving Fibonacci difference

operator. Several results on sum of finite series are derived by the inverse of

Fibonacci nabla difference operator. Several applications in life science can be

obtained by this fibonacci nabla operator and replacing exponential into extorial

functions.

[1]

2]

3]

[4]

[5]

(6]

7]

18]

REFERENCES

Britto Antony Xavier.G, Gerly.T.G and Nasira Begum.H, Finite Series of Polynomials and
Polynomial Factorials arising from Generalized g-Difference operator, Far East Journal of
Mathematical Sciences,94(1)(2014), 47-63.

Ferreira.R. A. C and Torres.D. F. M, Fractional h-difference equations arising from the
calculus of variations, Applicable Analysis and Discrete Mathematics, 5(1) (2011), 110-121.
Jerzy Popenda and Blazej Szmanda, On the Oscillation of Solutions of Certain Difference
Equations, Demonstratio Mathematica, XVII(1), (1984), 153 - 164.

Susai Manuel.M, Britto Antony Xavier.G, Chandrasekar.V and Pugalarasu.R, Theory and
application of the Generalized Difference Operator of the n'® kind(Part I), Demonstratio
Mathematica, 45(1)(2012), 95-106.

Britto Antony Xavier.G, M. Meganathan, Analysis of Fractional Alpha Laplace and Extorial
Transform Using a(h)difference Operator, Journal of Applied Science and Computations,
Volume V, Issue XII,(2018), 2295-2304.

G. Britto Antony Xavier, S.John Borg, S.Jaraldpushparaj, Extorial solutions for discrete
and fractional difference equations of current flows in RL Clircuit, Journal of Applied Science
and Computations, Volume VI, Issue I, (2019), 167-174.

G.Britto Antony Xavier, S.U.Vasantha kumar and B.Mohan, Sum of two
dimensional Fibonacci sequence by solutions of higher order difference equations,
Ser.A:Appl.math.inform.and Mech.Vol.8,2 (2016), 131-138.

G. Britto Antony Xavier, S.John Borg, S.Jaraldpushparaj, Fxtorial solutions for fractional
and partial difference equations with application, AIP conference proceedings 2095,

030004(2019) https://doi.org/10.1063,/1.5097515.



Higher Order Fibonacci Summation Formula with Extorial Functions 76

[9] Britto Antony Xavier.G, M. Meganathan, Fractional order alpha Laplace and extorial
transform by inverse difference operator, AIP conference proceedings 2095, 030016(2019)
https://doi.org/10.1063/1.5097527.

[10] G.Britto Antony Xavier, T.Sathinathan, D.Arun,Fractional Order Riemann
Zeta  Factorial  Function,  AIP  conference proceedings 2095, 030024(2019)
https://doi.org/10.1063/1.5097535

www.shcpub.edu. in


www.shcpub.edu.in

	1. Introduction
	2. preliminaries
	3. Conclusion
	References

